Two-dimensional Ideles with Cycle Module Coefficients 

O. Braunling 



Abstract. We give a Basque resolution of the Zariski sheaves of Rost cycle 
modules in terms of 2-dimensional ideles on surfaces. We give explicit formulas 
relating this idele resolution with the Gersten-type and Cech resolution. As 
an application we recover an old formula expressing intersection multiplicities 
in terms of tame symbols and a Cech analogue thereof. We show that this 
approach is workable for explicit computations. 



Leaving details and definitions to the main body of tliis text, our main result 
can be summarized by saying that for integral smooth surfaces over a field k and a 
Rost cycle module M* there is a flasque resolution of Zariski sheaves 

(0.1) ^ ^ lo ^ Ii ^ I2 ^ 0, 

where is the Zariski sheaf associated to and I, are sheaves of 'surface ideles' 
- a large part of the text works out what this is supposed to mean. As a consequence 
one obtains subquotients of 'idele objects' which express for example 

• if-cohomology groups H^{X, ICq), the terms on the i?2-page of the Brown- 
Gersten-Quillen coniveau spectral sequence; 

• in particular Chow groups {X, tCp) = CW {X); 

• cohomology groups Hl^^^{X,'H'i{^®^)), (n,charfc) = 1, the terms of the 
i?2-page of the Bloch-Ogus coniveau spectral sequence ("H-cohomology"); 

• certain variations of these, e.g. a variant HP{X,ICg) of if-cohomology 
coming from Milnor i^'-groups modulo divisible elements; this is relevant 
if one wants to use so-called topological Milnor ii'-groups in the 
ideles, see ii2.3l for details. 

These variations all stem from the basic principle that all these groups are sheaf 
cohomology groups of Zariski sheaves of various Rost cycle modules. 

The direct 1-dimensional analogue of this theory with ii'-theory coefficients in 
degree 1 would recover either Chevalley's classical ideles (without infinite places) in 
the number field case or the corresponding function field analogue due to Iwasawa. 
Our idele resolution, eq. 10. 1[ respects product structure^ and as an application 
we recover a formula of expressing intersection multiplicities through tame symbols 
(and analogous explicit formulas for all cycle modules with a product structure). 
We give an example computation (a negative self-intersection number, see 
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0.1. Applications. A bit stronger even, we formulate two bicomplexes whose 
i?^-pages (depending on ttie filtration chosen) recover either the Gersten-type reso- 
lution [261 proof of Cor. 6.5], whose cohomology is denoted by Ap{X, M^); the Cech 
resolution, whose cohomology is denoted by iJP(A, A^,); or the idele resolution of 
A^* introduced in this text, whose cohomology will be denoted by HP{r{X,I*)) - 
the latter is suppressing its dependency on A/» for the sake of a convenient nota- 
tion. We use this to determine explicit formulas for the comparison maps between 
explicit cocycle representatives in the respective resolutions: 

Gersten 



Cech ^ Ideles 

As an application of these comparison maps we obtain explicit formulas for the 
intersection pairing (a la Bloch, 4, Rmk. 2.14]) 

CH^ (A)®CH1 {X)^H^{X,ICi)(E>H\X,ICi) {X , IC2) = GR^ (X) 

in the Cech and idele resolution (for Gersten this is well-known and gives the classi- 
cal definition of the product of the Chow ring). This recovers a 30-year old formula 
of Parshin which expresses the intersection multiplicity in terms of tame symbols 
of ideles, cf. |24j (see Gorchinskiy |12j for another approach). We complement this 
by a further variation of this theme by using the comparison to the Cech resolution, 
giving 

(0.2) D-D' = ^ i*dld'^{ff}^i3y , f'd^fi^ } (finite sum over tame symbols) 

(notation explained in the text). Here the indices (3^ depend on a disjoint decompo- 
sition of the scheme space X related to the construction of an explicit contracting 
homotopy for the Cech complex. This (and the idele) formula works for any inter- 
section without needing the divisors to intersect properly (no "moving"). 
Leitfaden: 

• We define 2-dimensional ideles with cycle module coefficients, Def. |3]on 
pagelHJ 

• We prove this provides a flasque resolution of the Zariski sheaf A^* of a cy- 
cle module, Prop. [S] we denote these 'idele representatives' of cohomology 
groups by fff (r(A,I.)); 

• We give a bicomplex whose i?^-pages depending on the filtration chosen 
give either the Gersten resolution or our idele resolution of A1*, Prop. [6l 

• As an application of that we obtain explicit formulas for mapping ex- 
plicit cohomology class representatives from one resolution to another, 
specifically A^{X,M^) -> (T{X,I,)), Prop. El and (T{X,I,)) 
A2(A,M,), Prop, l 

• Using the classical Cech resolution for sheaf cohomology, there are similar 
bicomplexes whose i?^-pages depending on the filtration chosen give either 
the Gersten, idele or Cech resolution. As an application of that we obtain 
quite analogous explicit formulas H^{X, M*) H^{T{X,I,)), Prop. [HI 
and H^{X,M,) A'^{X,M^), Prop. M 

• More such formulas could be developed, but these are the only ones we 
have further use of; 
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• Next, we assume the cycle module M* is equipped with a product struc- 
ture M* X M, M*. We show that the cup product ' in Cech coho- 
mology has a counterpart in the idele resolution, which we denote by 'V' 
to have a clear distinction, an 'idele cup product'. We prove that both 
induce the same product to cohoniology, Prop. 1111 

• Connecting this with the fact that the intersection product can be ex- 
pressed as such a product in cohomology, we obtain an idele and a Cech 
resolution formula for intersection multiplicities in terms of tame symbols. 
While the idele version is known since Parshin, the latter seems to be new. 

0.2. Acknowledgements. I would like to thank P. Arndt, J. P. Demailly, B. 
Kahn and A. Vishik for answering some questions I had. Moreover, K. Ardakov 
for spotting a crucial mistake which then led to various simplifications. F. Tri- 
han, M. Morrow and I. Fesenko for their careful reading of earlier versions of this 
text and very, very useful conversations. Finally, more thanks to I. Fesenko for 
letting me work on this interesting question and providing the ideas of the bigger 
picture/perspective from which one should look at higher ideles (and beyond). 

1. Overview of Multidimensional Adeles 

This section surveys the ideas and motivations behind the concept of multi- 
dimensional adeles /ideles. It puts this work into a context, but is not necessarily 
required in any of the ensuing sections. 

(1) Origins: The concept of (ordinary 1-dimensional) adeles/ideles has proven very 
successful for studying global fields, most notably number fields. They provide the 
natural backdrop for the formulation of global class field theory a la Chevalley, 
their topology refiects the basic pillars of algebraic number theory (e.g. finiteness 
of the class number, Dirichlet's Unit Theorem), and exploiting the self-duality of 
the adeles as a LCA group and the associated harmonic analysis one obtains a very 
powerful tool in the study of zeta and L-functions via zeta integrals on the adeles 
(known as the Tate-Iwasawa method, "Tate's Thesis", j28| ). Especially the latter 
had previously only been available through works of Hecke on theta functions; a 
complicated immanently global approach not allowing for a global-local perspective 
as the adele method does. 

(2) Ideles as Sheaves: Let us focus on the function field case for a start. Then 
from a scheme perspective, adeles/ideles can be formulated as Zariski sheaves on 
an integral smooth curve X of finite type over a (finitcH) field k. Let K denote its 
rational function field. Then adeles/ideles provide flasque resolutions of the sheaves 
O (adeles) and (ideles). For example, the classical formula recovering the ideal 
class group Pic Ok from the idele class group Ck, 

(1.1) PicX ^H\X,0^)^ Ck mo:, 
is just an immediate consequence of the fiasque resolution 

(1.2) o-^o^ ©[|a,^ ^n'^- 



Our discussion is valid for arbitrary residue fields. However, in general in order to have the 
whole adele theory for curves available one needs a finite residue field for otherwise the adeles are 
not locally compact and then conventional harmonic analysis in not available. This is spiritedly 
discussed by A. Weil in [311 p. VI (Foreword), 2nd paragraph]. 
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where is the locaUy constant sheaf with value and the products are to be 
read as sheaves U m- Yivi- ■ ■) '-'^^^ closed points v e C/(o) and the prime "' in J| 
denotes a certain finiteness constraint. A nice exposition using this sheaf-theoretic 
picture is given in [2] §3], which in turn is based on Tate's work [29J. The latter 
note in particular gives an extremely elegant and short proof of the residue theorem 
Sa:GX(o) reSa; w = for a global rational 1-form lu G ^k/f based on a genuinely 
adelic approach. 

(3) Adeles of Schemes: Replacing multiplicative groups by additive groups, the 
counterpart of eq. 11.21 yields a quotient encoding H^{X,Ox)- Parshin then more 
generally saw the possibility to use variations of adeles to resolve arbitrary quasi- 
coherent sheaves for curves, and then also for surfaces [23j . Initially, these works 
were inspired by applications to class field theory and for example the ideas in the 
book [27] by Serre. There is a recent approach to a reciprocity law of Parshin for 
surfaces using 2-dimensional adeles by Osipov and Zhu |21| . The generalization of 
adeles to dimension 2 requires various new ideas. See [3], [15] for Beilinson's gener- 
alization allowing to resolve quasi-coherent sheaves using higher-dimensional adeles 
in any dimension. Generally, these ideles have a 'semi-simplicial' organization, as 
explained nicely in [10] . [24]; this will also be the case for the ideles in this 
text. 

(4) Coefficient Systems: In order to generalize the multiplicative flasque resolution 
of eq. 11.21 a first observation is that for local domains O one has Ki{0) = and 
if one represents elements of K2{0) as symbols ^i} with ai,bi € (this is 
possible by a theorem of v. d. Kallen if the residue field of O has > 6 elements, 
[30j . let us assume we are in this situation), one can write down the sequence eq. 
I1.2l with K2 in place of Ki and take the maps as in eq. 11.21 but this time applied to 
the two slots Oi^hi individually. It is natural to ask whether the sequence remains 
exact. It turns out it does, i.e. 

(1.3) ^ ^ e n.^^^., ^2(0.) A ni,^,,, ^ 

with d! : {x, Vx) ^ Vx — res^^ x, Kx '■= Frac Ox is a flasque resolution. For example, 
for the projective line this would imply 

nlpfPMd) K2{Kx) 

(1.4) H\Vl,K2) = ^ '•^ ^ ^ ( = fc^). 

rf'(i^2(i^)©n.e(PD<^)^2(a)) 

We will not prove this (not too difficult fact) in this text as we wish to focus on 
surfaces. The group -ff^(P^, /C2) is an example of a /vT-cohomology group, in sheaf 
theory formulation. Generally, the ii'-cohomology groups HP{X, ICq) constitute the 
i?2-page of the Brown-Gersten-Quillen spectral sequence converging to the algebraic 
if -theory of a variety X (filtered by coniveau). 

This leads to the question whether it is generally possible to resolve the K- 
theory sheaves ICq in the style of eq. 11.21 If possible, this then naturally leads to 
many more subquotient formulas for X-cohomology groups in the spirit of eq. 11.41 
We affirmatively answer this in the present work for smooth surfaces as a special 
case of our results (because the algebraic if-theory sheaves ICq are Zariski sheaves 
coming from a cycle module, see [J2|). 

See also the work of Gorchinskiy [l2j for many positive results in this direction 
for resolving certain homology sheaves (e.g. also cycle module sheaves, if-theory) 
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in any dimension from a different perspective, liowever using adeles which replace 
completions by localizations (e.g. Z(p) instead of the p-adics Zp), so-called "non- 
complete/rational adeles". See also the work of Osipov |20j for studies of the 
functorial behaviour of a certain notion of (completed) X-theory ideles. These 
works were very inspiring. 

2. Cycle Modules 

All schemes are assumed Noetherian, separated and finite-dimensional. Fix a 
field k. 

Firstly, let us recall the basic notions of Rost's theory of cycle modules, see |26] 
for details (or [7] for some newer developments). We summarize the key features, 
mildly less general as in Rost's setup. 

Rost works only with fields which are finitely generated over k as explained in 
[26| p328]. This is too restrictive for our purposes. We allow all field extensions 
F/k. Also, unlike in Rost's work, for us: 

Definition 1. A (discrete) valuation is a Ti-valued valuation, trivial on k. 

We should point out that with this definition of a (discrete) valuation even 
k{s,t) possesses Z- valued valuations with residue field fc, i.e. the transcendence 
degree over k can drop further than just by 1. The corresponding valuation rings 
are Noetherian, but not essentially of finite type over k. Rost rules them out 
by demanding valuations to be geometric over fc, but we cannot do this since this 
forbids most interesting valuations arising after completion, e.g. the i-adic valuation 
of k{{t)) is not geometric over k. 

Moreover, the p-adic valuations on Q are excluded by the above definition since 
they are not trivial on Q. 

2.1. Axiomatic Patterns. For every field extension F/k let K^'^ (F) denote 
the Z>o-graded anticommutative Milnor _fC-theory ring over F, 

{F) = Y[ K^' (F) = Z ® © i^f (F)®.... 

n>0 

Then a cycle module is an object function 

{field extensions F/k} — > {Z-graded abelian groups} 

along with some extra structure D1-D4 satisfying various axioms. The extra struc- 
ture (called transfers) is given as follows: Suppose E,F are fields containing k: 

Dl: For every field extension (k ^) F ^ E there is an abelian group 
morphism of relative degree 0, 

resf : M, (F) —4 [E] , 

called restriction. 

D2: For every finite field extension (fc ^) F ^ E there is an abelian 
group morphism of relative degree 0, 

corf : (E) Ah (F) , 

called corestriction (or norm). 
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D3: For every field (fc ^) F the group A/* (F) has the structure of a graded 
left-Xf (F)-module, 

(F) ■ Mm (F) C Af„+,„ (F) . 

D4: For every field (fc F and every discrete valuation v on F, there is 
an abelian group homomorphisni of relative degree —1, 

■.M,{F)^M,^i{k{v)), 

where k (v) denotes the residue field of the valuation ring Ay G F corre- 
sponding to V. dy is called the boundary map at v. 

Various axioms need to be satisfied, see below. For later use one also needs an 
elaboration of D4, which will play a very prominent role in this text: 

Let X — !> Specfc be an excellent scheme, x £ X^*) a codimension i point for 
some i, y & a codimension i + 1 point, y G {x}, i.e. y can also be read as 

a codimension 1 point in the integral closed subscheme {x} ^ X. One defines a 
boundary map 

: M^{k{x)) ^ A-U_^{K{y)) 

as follows: The stalk ^ is 1-dimensional local ring, and a domain since {x} is 
integral. By excellence, the normalization 

(2.1) v5:SpecC'^ — ^SpecOj--r 

^ ' -r f {x},y ^ {x},y 

(in its own field of fractions k (x)) is a finite morphism, so the maximal ideal y in 
Spec Oj^ y has a finite preimage y'l, . . . ,y'^ € Spec C*-^ , precisely the maximal 

ideals of this semilocal normal 1-dimensional scheme. By normality the localizations 
(O^-^ ),,' are DVRs. Let vi,...,Vr denote the corresponding discrete valuations 

of the fraction field k (x) . Now one defines 

r 

(2.2) := (^)) (y)) , 

i=i 

where k (vi) denotes the residue field with respect to the valuation Vi (i.e. the 

residue field k (w') of the semilocal ring ), dy^'^^ is as in D4. Note that the 

{x},y 

finitcness of the normalization morphism ip, eq. 12.11 implies that K(w,j) /n{y) is a 
finite field extension, so D2 is indeed available. 

These transfer morphisms need to satisfy a long list of axioms, Rla-R3f ("cycle 
premodule axioms"), for which we refer to [261 Def. 1.1], and the two crucial axioms 
("cycle module axioms"): 

FD: For every normal integral scheme X — >■ Spec A: with rational function 
field and any a G Af^ (if), we have 

d^a ^ e Af*_i (k (x)) 

for at most finitely many codimension 1 points x £ X^^'^ (note that the 
stalk Ox,x at a codimension 1 point is a DVR with field of fractions K 
and residue field K(a;), thus giving a discrete valuation v on if, so 
refers to this valuation; equivalently use 9^, where rj denotes the generic 
point oi X). 
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C: For every 2-diniensional local domain {R,m) with field of fractions K, 
Spec R Spec k, and every a S M* (K) we have 

(2.3) 5]a;^a(°)a = 0£M,_2(^i(m)), 

X 

where x runs through all height 1 primes, i.e. x G (Speci?)(^\ (0) denotes 
the generic point of Spec R. 

2.2. Unramified Cycles and Rost Complex. We need several other re- 
sults and constructions related to cycle modules. Firstly, for every excellent n- 
equidimensional scheme X — s- Spec k we define 

(2.4) CP {X, Mg) Y[ ^'^i~P (2^)) ' (also denoted by (X; Af, q)) 

where the coproduct is taken over the codimension p points of X. Here g is a 
Z>o-grading and along p > one obtains a complex C* {X, Mq) by defining the 
g-degree-preserving differential 

dx ■■ CP {X, AQ CP+i {X, M,) 

by using for all pairs x G X'^p^ and y G X'^p^^\ y e {x} (i.e. y is a codimension 1 
point of the integral closed subscheme {x}), the boundary map 

(2.5) : {k {x)) M,_i {k (y)) 

of eq. 12.21 and defining d :=^dy for all such pairs y G {x}. This is a differential, 
d\ — 0, see |26[ Lemma 3.3]. In fact this property is essentially equivalent to axiom 
C of a cycle module. One defines 

(2.6) A/, {X) := ker {dx : C° {X, AQ C^ {X, AQ) . 

Hence, Mh. {X) is a subgroup of (X, M*) and its elements are called unramified 
cycles, see |26| p338]. Letting U A'U{U) for Zariski opens C/, we can turn this 
into a sheaf 7W* ([/) := A^, [U). Moreover, we call 

(2.7) C {X, A'Q : AU {X) — ^ C° (X, AU) ^ C^ {X, AQ ^ ■ • • 

the Rost complex of X with coefficients in Af, . The first morphism is the subgroup 
inclusion, all further morphisms are the differential dx- As our scheme is assumed 
to be n-equidimensional, the sets X'*) for i > n are empty, so (X, Af*) = 0, 
showing that the Rost complexes are two-sided bounded. 

2.3. Examples of Cycle Modules. Let us list the most prominent examples 
of cycle modules and note that they are available for all fields F/k (as opposed to 
the treatise of Rost, who only considers fields F which are finitely generated over 
k): 

(1) The simplest cycle module is given by the Milnor K-r'mg itself: Af, (F) 

k^Hf). 

(2) Algebraic (Quillen) iiT-groups also provide an example: Af, (F) :— (F). 
See Rost [26i Rmk. 1.12] for details. 

(3) The Galois cohomology of certain Galois modules also provides examples. 
See Rost |261 Rmk. 1.11] for details. For this suppose A; is a field, n > 1 an integer 
coprime to char k (it is important here that the residue fields of k with respect to 
any discrete valuation in our sense will have the same characteristic because we 
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demand valuations to be trivial on k, so n will still be coprime to it). Suppose 
X -T- Specfc is smooth. We write Gf ■= Ga.\{F^°P / F) as a short-hand. Let A be a 
finite n-torsion Galois module over fc, i.e. a continuous Gfc-module which is finitely 
generated as a Z/n-module. Write A (g) := A (g) /i®'', A {-q) := Hom {^'^'',A) for 
q > 0. In his setup, Rost shows: 

Proposition 1 f |26[ Rmk 1. 11, 2.5]). If A is a finite n-torsion Gk-module, (n, charfc) — 
1, the object function 

(2.8) A'h{F):=l[H'^{F,A{q)) 

q>0 

is a cycle module. 

Proof. See [26l Rmk 1.11, 2.5]. □ 

(4) A new aspect: For higher local class field theory so-called 'topological Mil- 
nor K groups' kI°^ are more convenient than ordinary Milnor K groups. Topo- 
logical Milnor JC-theory, see [9], |32[ . is useful in order to reflect the continuity 
features of completed fields, e.g. iff^(Qp) = has a natural topology and there 
are groups KI°^ which reflect such topological features. Moreover, the local reci- 
procity map is injective on these groups, whereas it has a divisible subgroup as its 
kernel for ordinary Milnor if-groups. As proven in [9], if we disregard the topology, 
we can at least define algebraically 

(2.9) Ki{F):=K,^'{F)/K^'{F)^,^, 

where K^^ {P)div denotes the subgroup of K^^ (F) of elements of infinite height (= 
p-divisible elements for all p; for higher local fields this coincides with the maximal 
divisible subgroup, see [9]). This definition makes sense for all fields and has been 
investigated by Izhboldin, see J16' §2.5]. If F has characteristic zero, then unlike 
ordinary Milnor K groups these groups vanish if n exceeds the cohomological di- 
mensiorll of the field F. We wish to emphasize that the cycle module structure of 
induces all maps D1-D4 to eq. 12.91 in particular is a cycle module - and 
thus our idele resolution applies to X*j-coefficients as well. If L/F are higher local 
fields, Fesenko has shown that res^ /coip are continuous maps, [9, §4.8] (given the 
definition of the corestriction this is not at all obvious). 

We denote the corresponding Zariski sheaf (a la eq. 12. 6p by A^* . Its cohomology 
can differ from the one of /C*^, e.g. naively 

i?°(SpecC,/Cf ) = C^, whereas ff°(Spec C, /C*i) = 0, 

while other properties remain generally unaffected, e.g. the analogue of the Bloch- 
Quillen formula HP{X, ICp) = CW (X) holds: 

Remark 1. If X is integral smooth of finite type over a field k then iJ''(A", /C*) = 
CBP{X). 

Proof. According to the Gersten resolution of the cycle module sheaf on the 
left-hand side, the group IIP{X, ICp) is the cokernel of 



■^In characteristic p > the p-cohomological dimension is always < 1, whereas the mod p 
quotient of Milnor K groups can be non-trivial. To obtain a consistent picture, one needs to 
modify Galois cohomology, see |17l §5.1]. We will not go into this. 
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but Z has no non-trivial divisible elements (i.e. Zdiv = 0) and so the cokernel is 
the same as for /C*^. □ 

We believe it is very interesting to investigate the cycle module Kl for the 
following reason: For higher local fields F one has {F) = (F) algebraically, 
but the latter groups are sequential-topological groups. The group operation is 
sequentially continuous; sadly it is usually not continuous, so one does not have 
a topological group structure (see [9j). Still, using such sequential topological 
structures it might then be possible to equip the whole idele complex with a well- 
behaved topological structure. Such a construction could be useful to obtain a 
theory of 'higher harmonic analysis' on the ideles which might shed new light on 
L-functions, see fJSlfor an outline of this circle of ideas. 

2.4. Relation to Coniveau Spectral Sequences. In the special case of 
Galois cohomology coefficients, i.e. as in Prop. [TJ the Rost complex appears as 
the E'l-page of the Bloch-Ogus spectral sequence converging to etale cohomology 
filtered by coniveau [5]. Define a Zariski sheaf r) as follows 

W{U,r) := {U^H^{lJ,tA{q + r))). 

where [/ is a Zariski open in X, A as in Prop. [T] This is defined in [5l beginning 
of §4]. Note that this is a Zariski sheaf. For example, HP{Speck,'H'^ {•,r)) = 
for n > 1 for any field k, quite unlike iJ*((Spec k)et, A (q -1- r)) which can be non- 
zero for arbitrarily large q if the field k has sufficiently large Galois cohomological 
dimension. 

Lemma 1. 'W(»,r) = Mq^^ where jW^^^ denotes the Zariski sheaf of the 
cycle module defined in eq. \2.8\ for the Galois module A(r). 

Proof. This is a rephrasing of [H Thm. 4.2, part (4.2.2)]. □ 

Proposition 2 (Bloch, Ogus [5, Prop. 3.9]). Under these assumptions, there is a 
spectral sequence 

(2.10) = CP(X,Af^^('-«)) =^ N'HP+'J{Xet,A{r)), 

where 

(1) N denotes the coniveau filtration as in 

NPH^X,t,J') = im{\\^zeZpHl{X,t.T) ^ H^{X,t,T)); 

(2) CP {X,M^) denotes an entry of the Rost complex as in eq. \2.4\ 

(3) M^^^"^ is the cycle module as in eq. \2.8\ for the Galois module A (r), r G Z. 

For the algebraic X-theory cycle module Af, (F) — K^, [F) the Rost complex 
gives the .Ei-page of the Brown-Gersten-Quillen spectral sequence converging to 
algebraic ii'-theory filtered by coniveau, see |25[ Thm. 5.4]. 

2.5. Pullback & Pushforward. Suppose X, Y are equidimensional excellent 
schemes (say nx, ny-equidimensional). 

2.5.1. Pushforward. If X^Y are finite type over a field and f : X Y \s 
proper, Rost constructs a pushforward /* : C* {X,M^) -> C'{Y,M^), [26l §3.4]. 
This construction carries over to the case of X, Y just equidimensional excellent 
and / a finite morphism, see Lemma [3] below. 
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2.5.2. Fullback. If X, Y are finite type over a field and f : X Y \s flat, 
Rost constructs a pullback operation /* : C (F, M*) -> C"(X, M*), see [Ml §3.5] 
(lie also gives a more general pullback operation, for which we have no use). To 
prolong this to excellent schemes, we say that a flat morphism of constant relative 
dimension r is a flat morphism f : X ~> Y such that there is some r e Z such that 
for all ?/ e F and all generic points x £ one has 

(1) dimx X = dimY y + r. 

(2) or equivalently dim Ox, x ^Ovy ^ iv) — {''^x ~ ny) — r > 0. 

Example 1. The morphism Specfc[i] — s> Spec fc is flat of constant relative dimen- 
sion 1. 

Example 2 (Example not of finite type). Let (0,111) be a regular 2-dimensional 
local domain containing a field and K its field of fractions. Then the composition 

Spec dm®oK — > Spec 6^ — > Spec O 

is flat of constant relative dimension —1. To see this, note that the scheme on the 
left is the fiber of the closed point (0) in O, so y — (0) is the only point in the 
image; Om '^o K is a 1-dimensional domain (we shall prove this in Lemma^, so 
its zero ideal x = (0) is the unique generic point of the fiber and so r = —1. 

We shall need the following easy fact: 

Lemma 2. Suppose R is a universally catenary Noetherian local domain. Then 
f : Spec R Spec R is flat of constant relative dimension 0. 

For any y £Y and x G Xy^'' Rost defines a multiplicity [Ox, /]^ £ Z and a fiat 
pullback 

/* [OxJ, r] : {Y, AQ 0^+^ {X, AQ (see US §3.5]). 

We shall use that certain properties of pushforwards and pullbacks carry over to 
the case of finite pushforwards and flat pullbacks of constant relative dimension. 

Lemma 3. Suppose 

• X,Y are equidimensional excellent schemes, 

• f : X ^Y finite, 

• g : Z ^Y is flat of constant relative dimension r, 

• W -.^ Z Xy X, 

• f ,g' are the morphisms induced by base change. 
Then the diagrams 



CP{X,AU) 

CP(y,M* 



dx 



>CP+\X,M,) 
-^CP+\Y,AQ 



CP{X,AI^ 
CP(r,M,) 



K 

-^CP+'-iZ^M,) 



CP{Y,M^) 

r 



-^CP+'^{Y,AU 
f 



CP+'^iZ, A'h) — 4 CP+''+i(Z, AU) 
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commute. Moreover, (/i o /2), /i* o /2* and (51 0(72)* = .92 ° 5i /o?^ /11/2 two 
finite morphisms X ^ Y ^ Y' , (71,(72 two flat constant rel. dim. morphisms Z ^ 
Y ^ Y' , r (gi o (72) = ^(51) + ^(32) for the constant rel. dimensions respectively. 

See |261 Prop. 4.1, 4.6], the proofs carry over verbatim (but note that our / is 
finite as opposed to just being proper). See also [8]) §49] for the case = if*^. 

Note that some additional care is required when dealing with rings which are 
not of finite type over a field: Even when assuming excellence, open subschemes 
might have dimension strictly less than the original scheme; also note that already 
very basic rings like fc[[t]][s] already fail to be equidimensional. 

We shall need the following easy facts: 

Lemma 4. Let (-R, m) be an n-dimensional equicharacteristic complete Noetherian 
local domain and / G m some non-zero element (in particular n > I). Then 
S :— R[f~^] is an (n — \)- equidimensional domain. 

If / is an ideal of a ring _R, the sets /[[t]] — {Y^Oit^, Oi G /} are ideals in the 
ring R[[t]\. It is easy to see that i?[[t]]//[[i]] = (R/I) [[t]]. 

Lemma 5. Let {R, m) be an n-dimensional equicharacteristic complete Noetherian 
local domain. Then the morphism Spec i?[[i]] [i^^] -t- Speci? is faithfully flat of 
constant relative dimension 0. 

Example 3. For n ^ 1 and {R,m) :— (/c, (0)) a field, one obtains the straight- 
forward example Spec k((t)) — > Spec A;. 

Proof. The morphism is the composition of 

Speci?[[t]][i-i] ^ Spcci?[[<]] ^ Spcci?. 

(1) Firstly, / is flat. It is surjective since for every prime y (7^ R) in R the prime 
y[[t]] in R[[t]] is a preimage, so / is faithfully flat. The localization g is flat, but 
not surjective (the prime (t) does not lie in the image). However, every prime of 
the shape y[[t]] lies in the image: use that the primes in i?[[i]][t~^] correspond in 
order-preserving bijection to the primes of R[[t]] not containing the element t. For 
y a prime in R, R[[t]]/y[[t]] = {R/y) [[t]], so y[[t]] is a prime, and t G y[[t]] implies 
1 G j7, which is impossible. It follows that the composition f o g is surjective, so 
/ o (7 is a faithfully fiat morphism. 

(2) Fix a prime y in R. Then {y} = Spec R/y and since f o g is faithfully flat, 
by Lying-Over the minimal primes over i7i?[[<:]] [i~^] are the generic points of the 
preimage. As R[[t]]/y = [R/y) [[t]], so that all primes of the shape y\{t\\ t as 1 ^ 
y) correspond bijectively to the primes ?7[[i]] •i?[[t]][t~-^], we see that x :— yR\\t\\[t^^] 
is in fact the unique minimal prime in the preimage. Then 

dimx = <:YunR[[t]][t-^]/x = diTrLR[[t\][t-^]/yR[[t]][t-^\ 

= dim(_R/y) [[i]][i "'^] = dimi?/?; = dimy, 

where '=' follows from Lemma □ 

2.6. The Gersten Property. We shall need the following general Gersten- 
conjecture-type property for cycle modules: 

Proposition 3 ( [261 Thm. 6.1]). Suppose X is a local ring of a smooth scheme 
X' — > Speck and let M* he a cycle module. Then the complex C* (X, M*) is exact. 
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This shows that the sheafification of eq. 12.71 provides a fiasque resolution of 
M*, [26, Cor. 6.5]. Moreover, we need the analogous statement for complete 
rings. Such a statement is not proven in [26], but the general principle of proof is 
well-known since Quillen's paper on algebraic iiT-theory and readily applies to cycle 
modules as well: 

Proposition 4. Suppose X Spec k is an equicharacteristic complete regular local 
scheme with residue field in T and let Af, be a cycle module. Then the complex 
C (X,M*) is exact. 

We shall use the following lemma, which is very well-known since in similar 
shape it appears in most proofs of Noether Normalization: 

Lemma 6 (Nagata). Suppose f S F[[wi, . . . ,Wn]] is non-zero. Then there is a 
ring automorphism a (fixing F) of the shape 

for suitable Ci G Z>o and i = 1, . . . , n — 1 such that af G F[[wi, . . . , Wn\] is Wn- 
distinguished (in the sense of Weierstrafl) . 

Proof of Prop. H (Adaption of f25], Thm. 5.13]) Write X =: Speci? with 
{R, m) a complete regular local domain as in the claim. The injectivity M, (X) ^ 
{X, M*) follows from the very definition of {X) as a kernel, so we only need 
to show that given some a = i(^y)y^x(p+^) middle term of 

> Jl Nh{K{x))^ ]\ Af,_i(«:(y)) ^ [] M,-2(«(^)) 

such that dxct = 0, there exists some /3 = {Px)xex(i') ^'^^^ dxP = a. Since R is 
assumed regular and therefore all its localizations are regular and thus factorial, for 
every local ring Ox.x the codimension 1 closed subschemes {y^Q^ (this means we 
take the Zariski closure in SpecOx,£c) are principal divisors and cut out by some 
irreducible elements, say ttj, € Ox,x. Then {y^Q^ — Spec Ox, (%)• Assume 
X = Spec Ox.x for the moment. Next, by Cohen's Structure Theorem there is a 
(non-canonical) ring isomorphism 

Ox,x - k{x) [[wi, . . .,Wp]] 

since ht (x) — p. After possibly changing the isomorphism by Lemma IHl we can 
assume that tTj, is distinguished, i.e. the Wp-coefRcients of tTj, do not all lie in the 
ideal {wi, . . . , Wp^i). Then by WeierstraB Preparation there is a unit u G Ox x 
a Weierstrafi polynomial f € k{x) [[wi, . . . , u'p_i]][i(;p] such that iTy — u ■ f. Hence, 
w.l.o.g. TTy = f as this generates the same ideal. Next, we mimick the diagram of 
[261 proof of Prop. 6.4.] 




A, 



where in our setup 



2-DIMENSIONAL IDELES 



13 



• Y := SpecOxx/lTTy); 

• X := Spec Ox,x = Spec k (x) [[wi, . . . , Wp]]; 

• A := SpecK (x) [[wi, . . . , 

• Z :=¥ xaX. 

Here the arrows g, tt are the product projections. The arrow X ^ A is not 
smooth (unhke its counterpart in |26[ proof of Prop. 6.4.]), but flat of constant 
relative dimension 1. The arrow y — >■ A is a finite morphism since by our Weierstraf5 
Preparation above we have 

Oy = Ox,x/ (T^y) = K (x) [[Wi,. . . ,Wp_i]][Wp]/ (/ (Wp)) . 

The arrow i : Y ^ X is a closed immersion, so it is finite. Finally, note that 
(2.11) = « (x) [[wi, . . . , Wp.i]][wp]/ if (wp)) . . . 

■ ■ ■ <^k(x)[[wi,-,w^-i]] f^i^) [[f"l' • • ■^'Wp-lM'^p]] 
= k{x) [[wi,...,Wp_i,Wp]][Wp]/ {f{Wp)), 

a computation which crucially uses that Y ^ A is finite. This immediately gives 
us the closed immersion a coming from the ideal (wp) in Oz- This realizes Y as the 
underlying integral closed subscheme of Z of a rationally trivial Weil divisor. The 
remaining argument proceeds as in the proof of [261 Prop. 6.4]: We let V be the 
open complement of the closed subset a (Y) in Z so that Z ^ V Ua (Y) disjointly. 
Algebraically, 

Ov = k{x) [[wi, . . . ,Wp-i,Wp]][w~'^][wp]/ {f (wp)). 

{Beware: This is not isomorphic to k (x) {{wp))[[wi, . . . , Wp-i]] [wp]/ (/ (wp)) - in the 
latter ring elements may have Wp-degrees which are unbounded from below. This 
is not possible in the ring underlying V .) We have dim V = p — 1 while dim Z = p, 
i.e. the open subscheme V has strictly lower dimension than Z (to see this use 
that Ov is an integral extension of a ring as in Lemma SJ. Let g' : V ^ Y he the 
restriction of the projection Z ^ Y to the open subscheme V. This morphism is 
flat of constant relative dimension by Lemma [5] (whereas the full g : Z ^ Y has 
constant relative dimension 1). Define 

i7 := TT* o o {wp} o g'* (not to be confused with Wp) 

CP {Y, M,) ^ CP{V, M,) ^ CPiV, M,+i) ^ CP (Z, Af*+i) ^ {X, M,+i) , 
where 

• g'* is the flat puUback of constant rel. dim. (Lemma [5]) ; 

• {wp} denotes the left-multiplication by units on C*, see [26|. §3.6] for the 
definition of this operation, but essentially this just uses the left-if*^- 
module operation D3 on cycle modules, and note that Wp G Oy is indeed 
a unit on V (in fact we just chose V as to make this statement valid) ; 

• j : V ^ Z is the open immersion (and flat of constant relative dimension 
0) and J* is a non-proper pushforward along this open immersion. Beware: 
As j is not proper, d o ^ o 9. 

• TT : Z — > X is the product projection. It is a finite morphism, one sees 
this by direct inspection of eq. l2.11l or abstractly by base change from the 
finiteness of F — > A. 
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As for the proof of 26, Prop. 6.4] one computes that H is a. chain homotopy 
between the closed immersion pushforward and the zero morphism: 

dxoH + Hody ^i*-0: CP{Y, M,) ^ CP+\X, M,+i). 

This completes the proof. □ 

3. Preparations 

3.1. 2-dimensional Local Rings. Suppose (O, x) is a smooth 2-dimensional 
local domain with residue field k (x) and essentially of finite type over a field k so 
that K (x) /fc is a finite field extension. We write X := Spec O for simplicity. 

3.2. Notation. Let us agree on the following notation: 

• Ox is the x-adic completion of O; 

This is a 2-dimensional complete regular local domain; 

• Oy, for every height f prime y € {SpecO)^^\ is the y-adic completion of 
the localization Oy; 

This is a f-dimensional complete regular local domain. Hence, it is a 
CDVR with residue field k (y); 

• Ox^y', for every height 1 prime y e (Spec O)^^^ and y[ a prime in Ox over 
y (see Lemma [71(4) for details on this), is the y^-adic completion of the 

localization of Ox at y[, one could also write (Ox)y'., which is a clearer, 
but really unwieldy notation; 

This ring is a f-dimensional complete regular local domain. Thus, it is a 
CDVR and the residue field is k (yl) of Spec Ox', 

• K := FracO is the field of fractions of 0\ 

• Ky := FracOj, is the field of fractions of Oy; 

This is a f-dimensional local fielcS with residue field k (y) ; 

• Kx ■= FracOa; (this does not appear in the ideles, rather Ox <E) K will 
need to be used) 

• Kx,y> := Fia.cOx,y'. is the field of fractions of Ox,y'.; 

This is a 2-dimensional local field with residue fields k {y[) and k (x): 

K I 

t ' 

(3.1) dx,y. K{y',) 

t 

(O./yO k{x). 

Here the upward arrows denote the inclusion of the rings of integers (= 
the valuation rings) into their fields of fractions and the rightward ar- 
rows denote the surjections on the relative residue fields. See |19) for an 
overview regarding higher local fields. 
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for us this means: a complete discrete valuation field. We do not demand the residue field 
to be perfect or (quasi-)finite as usual. 
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3.3. Points on these local schemes. We shall need a few facts about the 
structure of these rings: The natural morphism j : Spec Ox — Spec O is faithfully 
flat and thus surjective and we decompose 

Speeds = UX<i> UX<2> 

disjointly, where X^*^ denotes the set of primes y such that j{y) G (SpecC')('\ i.e. 
it contains the primes whose contractions to O are of height < i < 2. The primes 
itself may have a different height in Ox , we clarify this now: 

Definition 2. We shall call the height 1 primes y of Ox such that y ^ X^^^ tran- 
scendental height 1 primes. 

Lemma 7. We have: 

(1) X^'^'^ — {xOx}- This is the single height 2 prime in Ox- 

(2) The ring Ox ®o K is a 1- dimensional Noetherian domain. In fact, it is a 
principal ideal domain. 

(3) i : ^ SpecOx(>^o K (as sets, i.e. there is a bijection). This bijection 
preserves residue fields, i.e. 

1^6 Jy) - '*a,®oK(*y) (where kr {x) = OR^x/mR^x) 

for all y £ X^*^K Moreover, 

^^°^=^iaLe„de„talU{(0)}. 

(4) For every y G X'^^ the preimage j^^ (y) — {yi,---,yr} is finite with 
Tji e X^^'^ and every element in X^^"^ arises this way. 

Proof. (1) is obvious. (2) Ox^oK is a localization of Ox, so it is Noetherian. 
We may regard it as a subring of the field of fractions Kx = Frac Ox . Choosing 
a non-canonical isomorphism Ox — K{x)[[s,t]] by Cohen's Structure Theorem, 
the transcendental height 1 prime t — sexp(s) proves that dim(03: (^o K) > 1. 
On the other hand, Ox <S>o if is a localization of O-ci^^^], and the latter satisfies 
dimC'a;[i~^] = 1 by Lemma|4l This shows Ox <S>o K is 1-dimensional. Moreover, as 
Ox is factorial. Ox ®o K must also be factorial, so the height 1 primes are principal, 
so the ring must be a PID. 

(3) For ye X'^^\ j{y) is a height zero prime and thus the zero ideal since O is 
a domain. Hence, bijects to the primes in the formal fiber Ox 'Sio K. As 

we know the structure of the latter scheme by part (2) of this lemma, we get the 
zero ideal plus a lot(!) of height 1 primes. These are precisely the transcendental 
primes. For the residue field at some y € X^^^ we use that y n K — (0) (as y maps 
to the zero ideal) and thus in terms of localizing a multiplicative subset, 

'«a.»oif (y) = Frac(((5^)o_{o}/y) 

= ¥v&c{{dxly)-^zij^) = Frac dx/y = (y) , 



where O — {0} denotes the image in Ox/y. 

(4) Let y 6 X*-^^ be given. By definition all primes in the preimage j ^ (y) lie in 
X^^'^ and conversely the elements in this set map to height 1 primes. We recall that 
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j is surjective, so it suffices to prove tliat each preimage j ^ (y) is finite. To see 
this, note that the formal fiber is 

Ox ®o K (y) = dx ®o Frac O/y, 

i.e. a localization of Ox ®o O/y = Ox/yOx- However, Ox/yOx = O/yO^ and we 
know that since O/y is a f -dimensional domain, the x-adic completion is a reduced 
x-adically complete local ring with finitely many minimal primes. □ 

Lemma 8. There is an exact sequence of graded abelian groups 

(3.2) ^ M^Ox 0o K) ^ M^Kx) ^ ]J M,„i(K(y)) ^ 0, 

y 

where y runs through the transcendental height 1 primes of Ox ■ 

If some Gersten-type statement (i.e. a statement like Prop. |3] or Prop. S]) a 
priori held true for Ox (So K, this would of course readily imply the result since 
Kx is the field of fractions and the height 1 primes are as said. However, Ox K 
is not a semilocal ring, so a little work needs to be invested. 

Proof. Using Lemma [7] the Rost complex of SpecO^; ®o K is the first row 
of the diagram below, where y runs through the height 1 (= maximal) primes 
Spec Ox K, i.e. primes bijecting to the transcendental primes of Def. [2] y' runs 
through all height 1 primes of Ox- 

••• ^ M,{Kx) ^ UyM*-i{K{y)) ^ 

(3.3) II n 

••• ^ M^{kx) ^ l[y'M.-i«y)) ^ M,-2(K(a:)) ^0. 

Prop. |4]for Spec O^; yields exactness of the lower row. Exactness of the upper row 
on the left (not displayed above) is clear since M^,{Ox®oK) is just defined to be the 
kernel of the map in the middle. The arrows denote the projection/inclusion of 
direct summands into the other coproduct. Exactness at M^,{Kx) is clear in both 
rows. To see surjectivity on the right in the upper row, note that in the exact 
sequence (exact by Prop. [3] for SpecC^) 

(3.4) > Nh{K) ^ TT M,_i(K(y)) ^ Af,_2 (k {x)) ^ 

surjects onto Af,_2 (« {x)) just as the lower row of eq. 13.31 does. However, in eq. 
13.41 y runs only through non-transcendental primes, so under the arrow 'f these 
summands are sent to zero anyway. Thus, for any element on the right in the 
upper row of eq. 13. 3[ we can find a candidate in the lower row being sent to zero 
in M^_2(k(x)), then use exactness of the lower row. □ 

4. Two-dimensional Idele Sheaves with Cycle Module Coefficients 

Overview: In this section we define the sheaves which give the ideles for surfaces. 
We fix an integral smooth surface X over a field fc, rj denotes its generic point and 
pick a cycle module M* over k. 

Notation: We shall use a simplified notation to define these sheaves. We shall write 
expressions like 

(4.1) M^{ky) as a shorthand for F : U M^{Ky), 
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and the latter is easily seen to be a flasque sheaf (the restriction to smaller opens is 
the identity on factors). Analogously for Yix-^ '^tiere x runs through all closed points 
?7(^\ i.e. U Ilxeu'-^'i M*{Kx)- Writing \[y or Yl^ y'i the second parameter y 
(or y[, y' , y) runs through the height 1 primes of Ox (or non-transcendental height 
1 v[\ Ox, any height 1 in Ox, or transcendental height 1 in Ox respectively). For y 
this is equivalent to y running though C/^^^ with x e {?/} ('integral curves passing 
through the closed point x'). For y[ it is equivalent to running through the primes 
of the fibers of SpecO^; — ?> SpecO over primes y G U'-^\ For y' it is equivalent to 
also incorporating the closed points in the fiber of (0), y is just the transcendental 
primes. 

We shall also need certain finiteness conditions constraining the sheaves of eq. 

EJ 

(1) The prime superscript "' in Yi'^ M^{Ky) means that we consider only those 
elements {ay)y such that 

ay e M*(C'j,) for all but finitely many y. 

(2) The double prime superscript "" in Y[x '^*{^x) nieans that we consider 
only those elements {ax)x such that 

ax G M^,{Ox <E) Krj) for all but finitely many x. 

(3a) The triple prime superscript ""' in Yi'xy' ^*i^x,y') means that we con- 
sider only those elements {ax,y')x,y'. such that 

(a) : Va; : ax.y'. G M,:{Ox,y'.) for all but finitely many y'f, 

(b) : J2y' dx^dy,^'^^ {'^x,y'.) = e A/*_2('*(2;)) for all but finitely many x. 
The condition (a) ensures that the sum in (b) is finite. 

Example 4. Note that (a) still allows ax,y'. ^ M^{Oxy.) for infinitely many primes 
y[ as shown in this example: 




The lines represent primes y[ with dy'.ax.y'. ^ 0. In this particular example infin- 
itely many closed points x are involved, so the condition (b ) is non-trivial. 

(3b) The superscript ""' in n"'lJj^' -^^*-i('*(2/D) means that 

(a) : y' just runs through non-transcendental primes y' = y[ for all but 
fin. many x. {<p^ there are only finitely many x where the coprod- 
uct Yiy' Mf^i(K(y')) has non-trivial contribution at some transcendental 
prime y' — y) 

(b) : J2y' dx'ax^y'. = G M,_2('«(x)) for aU but finitely many x. 
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The sum over non-transcendental primes y'^ in (b) is automatically finite. 
Construction of Idele Sheaves: We define a tricomplex Wo of sheaves on X 
with values in abelian groups by 



n; M^Ky) i n; M^Ky) 



The arrows are defined by the respective flat pullbacks, e.g. M^,{Krf) M^,{Ky) 

is induced from the flat puUback/the restriction res^^ of the cycle module. These 
sheaves are all flasque (easy to see) and considering the arrows in the direction '< — ' 
we conclude that the diagonal complex of Wq is exact (because all these arrows are 
the identity map). 

Lemma 9. The morphisms in the above diagram are well-defined. 

Proof. For some arrows it may be necessary to convince ourselves that they 
are well-defined: 

(-*-) Uj, M„{K,j) Jj'y M^,{Ky) exists since for G M^{Kr^) there are only finitely 
many y with d^a^ ^ (this is the cycle module axiom FD in ^26., Def. 2.1], but 

the latter is equivalent to res^" a,, ^ M^{Oy). 

(2) UyM^iKy) UZy'^^*(^^:yO exists: Condition (3a). (a) holds by the finite- 

ness condition of Y[y For each of the finitely many ay G AU{Ky) with dy^ay ^ 

there are only finitely many x such that dl^{dy^ ay) ^ 0, again by FD. For each y^ 
we have (by axiom R3a) 

I "res- * a„ = res ; ; a, "a„, 

and by applying dx^ we deduce that in total there are only finitely many chains 

{y^jx) with dx^d res-"'"' ^ at all. Thus, the sum in (3a). (b) can possibly 
be non-zero only for finitely many x, which is precisely what we needed to show. 

(3) Ylx JJx'y' -^*i^3:,y'i) exists: For all but finitely many x we have 

ax G M^,{Ox ®Kri); assume we treat a factor x of the latter type: Then d^'^ax = 
for all transcendental primes y by LemmaO Thus, regarding condition (3a). (b) we 
compute (where y' runs through all height 1 primes of Ox) 

(4.2) (r«4r' = E ^^^(S ^y' = 

y' y' 

since we have 9^ = in A'U{Kx) JJy, Af*_i(K(y')) — > M^:-2{k{x)). The sum in 
(3a). (b) is just the above sum, but with y' only running over non-transcendental 

primes y[. However, since ax G M^:{Ox <8) K^,), we have d~''{ax) = for all non- 
transcendental primes, so it is actually the same sum. Hence, it remains to treat 
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the finitely many remaining x having dg''{ax) 7^ for some transcendental prime 
y. But (3a). (b) only needs to hold for all but finitely many x, so this case does not 
matter. 

For the remaining arrows it is obvious that they are well-defined. □ 



We define a tricomplex Wi as follows: 




■n:uvAf,_i(«(2/')) 




.U,M,_i(«(y)) 



Again, all these sheaves are flasque. Using the fact that the set of all height 1 
primes y' in Ox decomposes disjointly into the transcendental primes y and non- 
transcendental primes y-, it is easy to see that the diagonal complex of Wi is also 
exact. 

Lemma 10. The morphisms in the above diagram are well-defined. 

Proof. Easy. □ 

Finally, we define a (rather trivial) tricomplex W2 as follows: 

< Ux M.-2{k{x)) 



U,M._2(k(x)) 



Again, the sheaves arc Basque and the diagonal complex is exact. 

Having given these definitions, we turn this data into a complex with values in 
tricomplexes of sheaves 




W, : 



0, 



where the differentials d are induced on the factors mostly by the boundary maps 
and 9^ in the obvious way (we give the details below). If we agree on the indexing 
pattern 



(4.3) 



02 -f 

Out—^ 12- 

T ^o< — t- 

01 ^- 1"= 



-2 

T 

X 
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(written as superscripts) for the individual entries of tricomplexes, the cross sections 
of the complex W, in the individual entries are as follows: 

i{k{x)) 





: ^ 




0" 






A 




w° 


: ^ 











-> 





wl 


: ^ 




a" 
A 











wl 


: ^ 




a", 
A 






a»' 
— > 






: ^ 




^■ 







— > 







: ^ 




A 






— > 







: ^ 




a", 






— > 





^012 


: -> 

















where writing dy stands for ^ dy (see eq. 12. 2p over all codimension 1 points 

y e {xY ' . It will soon play a key role that is just Rost's Gersten resolution 
for the Zariski sheaf TW* of the cycle module M*, as in eq. 12. 7[ turned into sheaves. 
The above cross section complexes are generally not exact (e.g. W^"^"^ or W^). 

Lemma 11. The morphisms in the above diagram are well-defined. 

Proof. Just a variation of the proof of Lemma [S] □ 
Moreover, we define sheaves 'ideles with a reciprocity constraint' by 
(1) n^''^"''- M^Ky) := ker (^U'y M^Ky) M^^^^{k{x))^ , and 

Y^:,y'MA^y>) %''-U,M,_2(.^(x)) 

Remark 2. Here in (1) the word 'reciprocity constraint' refers to the fact that an 
element in AI^{K) when diagonally mapped to Y\'y ■^'^*(^y) automatically satisfies 
dl^dyX — 0. As this sum runs over all curves y through a fixed closed point 
X, this is sometimes called a reciprocity law 'around a point'. Thus, for us, by a 
reciprocity constraint we understand a necessary criterion to be in the image of the 
diagonal map. Analogously for (2). 

The morphisms we are taking kernels of are well-defined by the finiteness condi- 
tions (1) and (3a). (b) respectively. It is easy to see that the second sheaf is flasque 
(since the product is indexed over x £ U^'^'^). Unlike all other sheaves discussed 
in this section so far (apart from A^*), the sheaf W^y^'^'^^^' M^,{Ky) is usually not 
fiasque: 

Example 5. Consider the restriction of affine 2-space Af, := Spec fc[s,t] with the 
closed point x = (s, t) to the smaller open — x and the Milnor K cycle module 
^ Kf' . The element 

by Yidy is mapped to [(s) , {t}] G Y[y (?/)); '^'^'^ thus to 1 G K^^ {k (x)). Hence, 

the element is a section of Y['_^^'^"'"' M^{Ky) on — x which does not lie in the 
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image of the restriction of sections from the open . Note however that the sheaf 
is flasque on the degree < 1 parts since (F) = i^) — Z"?" 0,11' fields F. 

Using the long exact sequence in cohomology and the fiasqueness of the two 
sheaves Y[[j M^{Ky) and JJ^ M^^2{i^{x)), we can at least conclude 



T— i-/+rccip. ^ 







for 



p > 2. 



Next, we compute the cohomology of the complex W, (which is a tricomplex since 
W, is a complex of tricomplexes). We get: 



Lemma 12. is the tricomplex of sheaves given by 



(4.4) 



n; M4Ky) i n, M^Oy) 

where A^* denotes the Zariski sheaf of the cycle module M*. 

Proof. This is really just the definition of unramified cycles, see eq. 12.61 For 
W^^ use Lemma [8] Note that certain finiteness conditions a la and Yl '' have 
disappeared here since they are automatically satisfied. □ 

Definition 3. We define a complex of flasque sheaves (depending on the cycle 
module which we have fixed): 

(4.5) I. :0^[] AU{K^)®Y[ M^dy) (sJl Af^O,)--- 

7] y X 

^ n' iKy)(BY[ Ah (Ox ® if) ® n - (^-^/l ) • • • 

y X Til. 

nlll ^ 
, AU{K^^y,) ^ 0. 
x,y ^ 



(this is just the diagonal complex of fig. \4-4\ with the initial term cut off as to 
make the second claim of the following proposition true ) 

Proposition 5. The diagonal complex of sheaves of the tricomplex H'^(Wt), fig. 
\4-4\ is exact. In particular, 

0^ M,.^I, 



is a flasque resolution of the sheaf Ai^,. 

For the proof of this we need some preparation: 
Lemma 13. The sequence of sheaves 

^ A^* ^ AUKr,) © \{^ M.{dy) J] 
is exact. 



/-\-recip. 



M*{Ky 



22 



O. BRAUNLING 



This again shows that Y[y M^{Ky) cannot be flasque, for otherwise the 
above complex would give a length 2 Basque resolution and so {X,Mr) = 
always (which is not true). 

Proof. The injectivity is clear since for each open set U the group of sections 
Mr{U) is defined as a subgroup of Urjec/C') see eq. 12.61 In particular, 

injectivity holds on the level of stalks. Exactness in the middle is easy: Let x be an 
point in X, Ux 3 x some open neighbourhood. Suppose local sections G M^{Kj-i) 
and Oy G AI^{Oy) over are given and go to zero on the right, i.e. for all 

codimension 1 points y G C/i^'* we have res^" a,, — Ofj^ = G M^{Ky). Thus, taking 
the boundary at y in Oy we obtain 

— Uy ies^^ Ur, Uy VLy — ies^j.^^ Uy iMff Uy ay 

by the compatibility of flat puUback (here already unwound to res^") with the 

differential in the Rost complex, axiom R3a. We also have dy^ay = and so we 
deduce dyUq = since the restriction from k (y) to itself is the identity (to see 
this, use that cor ores is multiplication with the extension degree, axiom R2d). 
However, this shows that (a,,)^ G A^* {Ux)- Being a complex is obvious. For the 
surjectivity let x be a closed point in X and suppose we are given {oiy)y in the 
right-hand side in some open neighbourhood Ux of x. For the (uncompleted) stalk 
Ox we have exactness of 

^ A-h{Ox) ^ M,(i^„) ^ TT M,_i(K(y)) ^ Af,_2(K(a:)) -> 0, 

by Prop. [3] The element (dy^ay) placed in the third term of this sequence (note 
that by the idelic condition Y\' this is non-zero only for fin. many points y and 
the reciprocity constraint shows that the element goes to zero on the right) admits 
a preimage G Af, (if^). Secondly, note that (after possibly shrinking Ux to a 

smaller neighbourhood) Py res^" — ay satisfies dy" (3y — for all y & Ux hy 

construction, so f3y G M^{Oy). It is easy to see that {frj,(3y) is a preimage of ay. 
This proves our claim. □ 

Lemma 14. The sequence of sheaves 

^ ^'^*(^-) ^ n, ^■^*(^- ® ^) ® n, ^ M,idx,y'^) ■ ■ ■ 

nni-\-reci'p. --^ 
M,{Kx.y') Q 



is exact. 



Proof. The proof is very similar to the one of the previous lemma. For injec- 
tivity. Lemma [S] shows that the rows in the commutative diagram 
(4.6) 

0^ M.idx) ^ M.iKx) ^ U M,_,{K{y')) ^ Af,_2(K(x)) 

( ; ) II i 

0^ M^dx^K) ^ AMKx) ^ UyM*-i{K{y)) 
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are exact, where y runs through the transcendental primes in Ox- The existence 
of the arrow (J,) and its injectivity follow. For exactness in the middle, suppose we 
are given ax G l\h{Ox <E) K) and a^^y'. G Mi,{Ox,y'.) going to zero on the right. This 
unwinds as 

(4.7) Vx,?/- : res-p"'"' Ux - a^.y' = e M^{Kx,y') 

and applying the boundary 9 z""'^' yields res {^^} d^^"^ ax — d /""'^^ ax^y'- We conclude 

dyi'^ctx = 0. By Lemma [7| the height 1 primes of Ox disjointly decompose into 

transcendental y and non-transcendental y'^ primes. By ax S Mt,{Ox ® K) we 
thus have shown that the boundaries at all height 1 primes of Ox vanish and thus 
ax S Mt:{Ox) for each x. Finally, use eq. 14. 71 to see that ax maps to ax.y' under the 
first arrow, showing that we have found the preimage. To see surjectivity, suppose 
we are given a^,!/' S M^,{Kx^y'.). By the reciprocity constraint and the exactness of 
the first line of fig. 14.61 applied to {dyiax^y'., ^y)y' with y[ running through the non- 
transcendental primes and for the transcendental primes y, we obtain a preimage 
/ e M^{Kx). Since by construction d^f — 0, the exactness of the lower row shows 

/ e M^,{Ox ® K). It is now obvious that Px^y'. '■— res^"''"' / — ax.y'. S M,,{Oxy.) 
and that / ® Px.y'. provides a preimage. This completes the proof. □ 

Proof (of Prop. [5|). Combining Lemmata fT3l and [T4l we see that the diago- 
nal complexes of the top and bottom face of the cube in fig. 14.41 (i.e. the opposite 
faces w.r.t. the arrows 't') are exact up to a cokernel isomorphic to M*_2(k (x)) 
because of the reciprocity constraints. It is not hard to see that this forces the over- 
all diagonal complex to be exact. □ 

Lemma 15. The tricomplexes of sheaves HP(W,) for p > 1 are zero. 

Proof. Direct verification. □ 



5. Comparison Maps for Ideles 

Now we set up a bicomplex B from the entries of the tricomplexes , 

• W, being indexed by a lower index in {0, 1, 2}, 

• the entries being indexed by an upper index in {0, 1, 2, 01, 02, 12, 012} as 
in fig. 



^ -l- 

Wo°^2 _^ ^0, 

i.e. the columns are the diagonal complexes of the tricomplexes W,, truncated from 
the top by cutting away the initial term ('un-augmented'); and the rows follow 
Wo Wi — ?• W2- Clearly ;B is a bicomplex of sheaves with values in abelian groups. 
Apply the global section functor F {X, •) and note that this preserves exactness since 
all sheaves in the bicomplex are fiasque. 
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We quickly study the two bicomplex spectral sequences associated to F {X, B). 
We denote by ^E' the spectral sequence whose i?°-page differential conies from the 
downward arrows 'J,', and by the spectral sequence whose _B'^-page differential 

comes from 

Proposition 6 (Gcrsten-to-Ideles bicomplex). The bicomplex V {X , B) has 
^Elo = HP{TiX, I.)) and ^ ^ for q > I 

-^El^ = A^X, M,) and ^EI^ ^ for p > 1 

and these pages are stationary (— E°° respectively). In particular, it trivially con- 
verges to HP{X,M*). 

Here the groups A'^{X, M,) are as in [26] §5, especially p. 356; first paragraph]. 

Proof. For ^E^ we find in the first row 

^ r{x, w^) F(x, w^) -> r{x, w^) o 

and zero elsewhere. This follows from the observation that the diagonal complex 
each tricomplex Wi is exact as sheaves, and then also after applying T{X, •) by 
flasqueness. Unwinding definitions this yields Rost's Gersten resolution of A^,, 
namely 

i.e. in the ^E'^ = ^E°° -page the first row are the corresponding cohomology groups, 
denoted by A'^{X, A'U). Contrastingly, the ^i?^-page reads 

; ; 

U'yexwM4Ky)®U.exi-}M4d,^K)(BUccexi->,y'M4d.,y^) ^ ••• 

; ' i 

Il7exiv,ylM4K,^y,) ^ ••• 

which just uses Prop. [5] in the left-most column and Lemma |15I in the other two. 
Again use that T{X, •) preserves exactness on fiasque sheaves. For each x the primes 
y'^ run through the non-transcendental height 1 primes of Ox- It is obvious that 
the left-most column agrees with I, as given in eq. 14.51 □ 

Based on this result, we can formulate explicit comparison maps between the 
groups {X, NU) and m (F(X, I.)): 

Proposition 7. The comparison isomorphism 

ip:A\X,A'Q^H' (r(X,I.)) 

is given by sending a cycle '^[y,jy] eC"'^(X, Af,) withy CzX'^^^ and^y sM,_i(K(y)) 
to the idele 

{ay,ax,ax,y';) G n^g^d) ^^^*^^y^ ®Wxex>.-) M*{dx <E> K) 

®n ,M*idx,y') 

where 
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• fy is any preimage of under AU{Ky) — > (?/)), 

• is any preimage of (res^|j^-|^ ^y)y under M^{Kx) -> My, M,_i(k {y')). 

In particular, these preimages exist. This defines ip on generators and does not 
depend on any choices (all ideles produced this way are cohomologous in I, J. 

Proof. This is a standard argument proceeding by unwinding zig-zags in the 
bicomplex. We follow the zig-zag 

W^o° ® ^0 © ^0 ^ © ^1 © 

(5.1) i 

In our case, we begin with Y^lVi ly\ € Y[y M*_i(k(j/)) = C^{X, IvU) = . In the 
sense of an edge map, this kernel maps diagonally to an element in the bicomplex 
i3, — Wi © Wl © Wi in the upper-right of our zig-zag, namely 

[yny] G 11^ M,^,{K{y)) and [y, res^ JJ^ 7y] S HI'II,, ^'^-il^ly')) 

in W";j^©Vl^f (note that =0). As is easily confirmed, a preimage in Wq®Wq®Wq 
is given by 

e ]J M*(if^), [Xy, fy] e n' M,(i^j,), [X,, g,] e ]^" M*(i^,) 

7y y a; 

with fy and as stated in the claim. The existence of fy follows from the exactness 
of M^{Ky) AI^_i{k {y)) (Gersten for Oy, Prop. 2]). For the existence of g^ 
one uses the exactness of 

(5.2) M4if^) ^[]M,_i(K(y)) — >]jM,_2(K(a;)) 

y X 

(Gersten for Ox, Prop. [3]), noting that J^iU'ly] S'^^^ to zero on the right which 
holds by the assumption it represents an element in (X, M*), i.e. it is a cocycle. 

We get a preimage g € M^{Kn) and then define g^ ■— res^J^ g. It is easy to see 
that this element has the desired properties. Under the downward differential in 
fig. O to VFo°^ © © W^o^ we find 

ay = Jy, ax = gx, a^^y'^ = res^^ g^ - res-^ fy 

and it is easy to see that the differential Wg°^ © W^'^ © W^"^ W^^"^ sends this 
element to zero, so this gives us a representative for H^{T{X,1,)). It follows from 
extensive diagram chasing that this definition is well-defined, a homomorphism, 
and an isomorphism. □ 

Proposition 8. The comparison isomorphism 

e : (r(X,I.)) A^{X,A'L,) 

is given by sending {ax^y'.)x.y'- with a^^y'. G Yi'l'y' ^''^*{^x.y[) to 

where for every x G X^^^ the parameter y[ runs through all non-transcendental 
primes in Ox- 
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Proof. As in the previous proof, this is an immediate consequence of chasing 
zig-zags in the bicomplex. This time the relevant zig-zag is 

© wl © wl © wl © wl 

; 

i 

□ 

6. Comparison Maps for Cech cohomology 

Firstly, recall that for an open cover il ~ {Ua)aei and Zariski sheaf J- there are 
Cech cohomology groups, which we denote by J^), defined as the cohomology 

of the Cech complex 

C^(il,^):= n J^iUco.-.c.), J:C^(il,^)^C*+i(il,^), 

where we denote by Ua an open in il, and by C/q(,...q^ := ni=o r ^^"^ respective 
intersections. For any refinement il' of il, there is a canonical induced morphism 
ff'(il, J") 7?*(il', J") (and 'unique' on C* up to homotopies). Finally, H\X,T) 
is defined as coWvtVix {X , F) over the diagram in which il runs through all open 
coverfQ and arrows are the refinements. This is a filtering colimit since any two 
covers admit a common refinement. We have H^{X,F) = H'^{X,J') for all sheaves 
we work with (as they all admit a fiasque resolution), so we may express sheaf 
cohomology this way. 
A cocycle (/„ 

o...ai)ao---ai G C* (il, J^) is Called alternating if f(j(ao)...(T{ai) — 
{—lY^'^'^ fao---ai holds for all permutations a S Si+i and /cto...ct„a„...cii_i = for 
all < w < i — 1. The alternating Cech cocycles form a subcomplex of C* (il, -F) 
and one can show that the inclusion of the subcomplex is a quasi-isomorphism. 

Remark 3. It is worth emphasizing that /ao...Q„a„...Qi_i — is a separate condi- 
tion. It follows from the first property just for elements which are not 2-torsion, d 
la fai3 = —fpa, SO 2faa = m the case of i — 1. 

Remark 4. The explicit determination of Cech cohomology representatives for 
sections of the sheaf JC2 has served as a key tool in |4j Prop. 2.8]. 

In this text we shall always work with this subcomplex of alternating cochains. 

Lemma 16 (Algebraic "Partition of Unity"). Assume the open cover il is finite, 
i. e. I is a finite set. Suppose J- is a fiasque sheaf such that 

(1) for every restriction reSy : J'{U) — ?> J'{V) for any two opens of the form 
^7o---7a7s+i---7r ='VCU :— there is a morphism 

(2) for every open V U^f„,,,~f^ we have 

Ey^ o lesy^ — idjr(y) , where Va V D Ua 



'We suppress some set-theoretical issues. 
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(3) for every open V := U-yg...-y^ and all indices /3 G / we have 
]J J'(Va), where Va :=¥ nUa. 



a/3 V„ 



Define a homomorphism 

H:& (il, J") C'-i (il, J") 



otherwise. 



Then H is a contracting homotopy for the Cech complex C {!d,J-), i.e. 

H6 + 6H :^idc.^U^jry 

Proof. Direct computation. □ 

Lemma 17. Assume the open cover il is finite, i.e. I is a finite set. For all the 
sheaves as in eg. \4.1\ the assumptions of Lemma W^ can be fulfilled: For Y\y Ay with 

Ay some ahelian group (e.g. M^{Ky), etc.) fix a disjoint decomposition 

(6.1) X^i) = U^" - ^a^^- 

Define for any open U := U-^g,,,^^ and further intersection V :— UClU/s (— U~f„,,~f^p ) 
the homomorphism 

: nV) ^ F{U) 

\{ Ay^ n { 

and transitively define := E^^^^ o Ey"^^^ if V -.^ U CiUp Ci U^^ etc. (Use 
and Ua \ or X^'^^ and Ua"^ for sheaves of the types A^j or Ylx respectively. 
For yi also use X^^-* and Ua ^ and recall that for every x the parameter y' just 
runs through certain primes of Ox). 

Proof. A disjoint decomposition as in eq. 16. II exists since il is an open cover, 
so X = [j Ua] in particular X'-^^ = [j Ua\ For example (well-)order the set / and 
then let x e if and only if a is the (unique) smallest element of / such that 
X G Ua. It remains to prove the properties (2) and (3). For (2) observe that for 
every prime y the map Ey o resy on Ay is idA^ if y G and zero otherwise. 
Since il is a finite cover and the form a disjoint decomposition, the equality 

X] ^Va. ° resy^ = id^(v') 

follows, proving property (2). Then (3) is a direct verification. □ 

We now use these contracting homotopies to work out certain very explicit 
maps between various cohomology groups: 
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Proposition 9. Let X be integral and rj denote its generic point. Suppose il = 
{Ua)aei a finite open cover of X and fix a disjoint decomposition X = [J 

as in Lemma lT7\ Then the canonical morphisn^ 

T:H\iX,M,)^H\T{X,I,)) 

admits the following explicit description: If f :— {fafijafi G C"'^(il, A^,) is a Cech 
1-cocycle, define an idele f by 



f 



01 



f 

J X 



02 



4: 



f l^rjl^x f x.y'. • 



3k„ 



where I3rj,l3y,l3x G I cire the unique indices such that rj G S^^, y G "^fjy, x G 
and y in the right-most formula is the image of y[ under Spec Ox — > Spec Ox ■ Then 
[rf] = [f] as cohomology classes. 

Proof. We build a bicomplex whose p-th row is built by taking the p-th Cech 
resolution group of a copy of I,. Again we follow zig-zags as in the proof of Prop. 
[71 but now using a bicomplex comparing the Cech and the idele resolution. The 
groups in 

^1.0 

t 

^1.0 



^0.0 






i 






^0,1 







are just 



CO(il,Io) 
Ci(U,Io). 



ffi (r(x,i.)) 

r(x,ii) 

C°(il,Ii) 



Explicitly, we choose any representative for our Cech cohomology class {fai3)ai3 £ 
C^(il, M.^) in ^-Eq.i- We use the edge map to get to i?o,i- construct a preimage 
in Eq q by using the contracting homotopy of the Cech complex of Lemma [161 This 
yields an element in g 

-.^Y.^ul.U with (/^) G G\ii,l[M4K,) (sYlAhiOy) oYlAMdx)). 

ael r] y X 

Explicitly, 

f'p ■=Y1 ^^^^^ fp-^Yl ^v&^a, res^^ f'p -^Yl '^^eSc res^^ /a/3 



"isomorphism if we replace the left-hand side by the colimit over all refinements 
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where Sa = id if ^ is a true expression, otherwise. Under the differential Eq q 
E^Q this maps to the element (/^O^ £ ^i.o = C"(il, Ii) given by 



f'/Ol 

h 


■■=r^- 


Ky 


Oi 




res'^l /a/3 








a 


- ^r)es„) 


res^^ fa^fs 


rr 


:— res - 




-res^ '/^ = 




■ - ^yes„)res^^'''' 



where y is the image of yl mider SpecOx SpecO^;. This is a Cech 0-cocycle in 
Ii), so it glues to a global section in r{X,Ii). Thus, if we want to evaluate 
the component of /^'"^ at a point y € i.e. the element /^"^^ in 

we need to choose for j3 any index in / such that y G U^f^^ (and because it glues 
to a global section, the choice of any such (3 does not matter). Similarly for the 
components /^'P^ , /^?| y, , we have to pick any index j5' ^ I such that x G u'^^} 
(note that in the case of f'p}\ yi the argument y[ runs through non-transcendental 

height 1 primes of Oa; independently of any open on which we evaluate the sheaf, so 
only X matters for the choice of the index /?'). As we had already picked a disjoint 

decomposition |J ~ X, we may also use it to find canonical indices /3,/3' for 
these purposes. For any y & X'-^^ let Py e I he the unique index such that y e 
We get 

fPyly = J2^^y<^^c - ^r,esjres^^ = res^^ fp^^^ - res^^ fp^p^ 

a 

since Sy^j:^ will only be non-zero for a = f3y hy uniqueness and there is just a single 
with r] € Tiri (since we assume X is integral, so it is irreducible with a unique 
generic point = {r/}). Finally, as we work with alternating Cech cochains, we 
must have fp^p^ = - see Rmk. [3] for 2-torsion. For W^^ and W^^ one proceeds 
analogously, giving our claim. By homological generalities the analogous map is 
an isomorphism if we replace H^{U., A4^,) by the colimit over all refinements, i.e. 
H\X,M.). □ 

Proposition 10. Let X be integral and rj denote its generic point. Suppose H = 

{Ua)aei is a finite open cover of X and fix a disjoint decomposition X ~ [J Eq, 

aei 

as in Lemma \T^ The canonical morphisn^ 

A : i?2(ii,A4,) ^ A^{X,AQ 
can be described as follows: For f :— {fap-i)ap-y G C^(il, A^,) define 
(6.2) K ■■= Y^Oyff^fpM e M,^2{^{x)), 

xG{v} 

where 



^isomorphism if we replace the left-hand side by the colimit over all refinements 
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• is to be chosen such that x G t//3^, 

• /3y £ I is the unique index such that y £ Y.^^, I3ri the unique element such 
that 1] e 11/3^ . 

Despite true in this more general version, the statement of the lemma becomes 
entirely symmetric if we also choose /S^: G / as the unique element with x G S^^. 

Proof. This follows from a diagram chase in the bicomplex whose columns 
come from the Cech resolution applied to rows built from Host's Gersten resolution. 
Then the two £'"'^-pages, ^E^ and , give the original Rost Gersten resolution in 
the top row and zero elsewhere, and the Cech resolution of tM* in the left column 
respectively. Both spectral sequences degenerate at the £^^-page and a diagram 
chase along a zig-zag provides us with an explicit description of the isomorphism 
in question. We abbreviate &{M^:) :— C^(il, A^*). More precisely, we run along 
the zig-zag 

^El^ =1JM*-2(aj(x)) 



J2 Ji 

□ 

7. Products 

One can consider pairings of cycle modules, as defined in [261 Def. 2.1]. Such 
a pairing consists of a bilinear pairing of abelian groups 

•:Mp(i^)xM^(F)^M;V, (F) , 

where M, M' , M" are cycle modules. Certain axioms, called P1-P3 in |26j . need 
to be fulfilled. We are only interested in the case M = M' = M", i.e. a 'product' 
operation 

(7.1) • : Mp (F) X Mq {F) Mp+q (F) . 

Example 6. For example — K^^ has such a pairing, just given by the ordinary 
product in the Milnor K theory ring. 

7.1. Cup Product on Cech Cochains. We quickly recall the construction 
of the cup product in sheaf cohomology on the Cech resolution. For general sheaves 
Q with values in abelian groups, the tensor sheaf J- Q (where Z denotes the 
locally constant sheaf Z) has stalks 

(F (g>z G)x = J^x Gx = ®X Qx- 

For Cech cochains on an open cover il — {Ua)aei ones fixes an ordering on the 
index set / and defines a Z-bilinear pairing 

(7.2) Cf(il, J^) X &{^,g) -> CP+«(il,.F®z 5) 

if ^ g) := ^ resZ"" -"" fa„ a ® ^ les^r" Q a a 4. , 







E'^ 
^1.0 




E^ 






; 






E^ 


— > 


e'^ 

^1.1 






i 










^Q.2 
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where ao < ■ ■ ■ < ap+q and where res and ^ res denote the restrictions to smaller 
opens of the sheaves J^, Q respectively; and are not to be confused with the re- 
strictions of a cycle module. Then prolong (/ ^ g)^^ ^ ^ to an alternating Cech 

cochain by sign-permuting indices to ao < • • • < Q!p-(_qQ The identity 

is easy to show and proves that eq. 17.21 induces a pairing of Cech cohomology 
groups, the cup product. 

Remark 5. // one defines the cup product in a derived setting as the morphism 
y in 

^: RT{X, T) ®| Rr(X, Q) ^ Rr(X, T ®\ G) Rr(X, T ®z G), 

this cup product relates ( after taking the colimit over all refinements of covers ) to 
the one in eq. by composing with Rr(pr), where pr : T (g)^ G ^ T (8)z G is the 
natural morphism. 

Next, fix a cycle module along with a pairing • : M„ x Mm Mn+m to 
itself as in the previous subsection. This induces a Z-bilinear pairing 

• : Mn ®z Mm. — > M 

e ® / I — > e ■ f (the pairing of cycle modules) 

of Z-module sheaves, i.e. sheaves with values in abelian groups. Recall that for 
every open U C X the group Al* (U) is defined as in eq. 12.61 Thus, showing that 
the pairing is well-defined amounts to proving that e • / is unramified if e, / are, 
but by axiom P3 we have for every discrete valuation v the identity 

a„(e . /) = • slif) + i-ir • + {-1} • 9„(e) • 

where tt is any uniformizer of the valuation ring Oy and { — 1} refers to the left-if;^^- 
module structure of axiom D3. This verifies the well-dcfinedness. The morphism 
of sheaves A^, (E)z.M* A^*+* induces functorially a morphism between Cech 
cochain groups and composing this with the cup product, we get morphisms 

depending on the chosen pairing of cycle modules. This induces a morphism of 
Cech cohomology groups 

HP{iX, Mn) ®Z H^iii, Mrn) ~^ 11^+' {U, Mn+nr)- 

7.2. Cup Product on Ideles. Next, we shall give a similar construction 
defining a pairing Ii ®z Ii — > I2, which induces a pairing 

H\r{X,I,)) ®z H\V{X,l,)) H\V{X,l,)). 

'^Then the formula in cq. 17.21 need not hold for indices which arc not strictly increasingly 
ordered, e.g. for / g C'^ and g & , I = {1, 2} one has /i ■ 312 = (f 9)12 = — (/ "-^ 9)21, but 
this would = — /2 ■ 921 = /2 ■ 912, which need not be true. 
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Explicitly, define a Z-bilinear pairing of sheaves of abelian groups 
V : Ii ® Ii ^ I2 

(7.3) e®/K>eV/ with (e V /),,,^ := (res J^'"' e°i) • J^^, , 

(where y is the image of y- under SpecOj; -> SpecOa.) 

where again a cycle module is fixed and '•' refers to a pairing as in eq. 17.11 Similarly 
to the cup product in eq. 17.21 this pairing does not have much symmetry before 
going to cohomology. 

We now claim that on the level of cohomology, the above definition is the precise 
counterpart of the cup product construction on Cech cochains: 

Proposition 11 (Product Compatibility). Suppose X is integral and A^^ admits a 
product structure (in the sense of eq. [7. Then the map V descends to cohomology, 
i.e. is well-defined as in the lower row of 
(7.4) 

H\X,M.) ®z H^X,M,) ^ H^X,M,) A'^{X,AQ 

i i II 

H^iTiX,!,)) ®z H^iTiX,!,)) H^r{X,l,)) A^{X,NQ 

V 6 

and this diagram commutes, where the downward arrows and A, 6 are the comparison 
maps of Prop. [3 and Prop. \1U\ respectively. 

Proof. (1) Firstly, we prove that the pairing in the lower row is well-defined, 
i.e. 5eW f and eW 5f are mapped to coboundaries. We only prove this for e\/ 5f 
and leave the other case to the reader: Let any two ideles 

e = (e°^e°^el2^,) G r{X,I,) and / = {f^^J^j!) G r{X,Io) 

be given. With the definition in eq. 17.31 we obtain 



(7-5) {Sf V e)^- :^ (res J'"' - resj^' /") • e^. 



As usual, y denotes the image of y^ under SpecO^ SpecO^,. Next, define j = 

jy = (res^" /,'j') • Cy = (res^^ /^) • ^x,y'- ~ ^^'^^Xy ■^y^ ' ^^,v'i' 

Then the idelic differential yields (by using axiom P2a of a cycle module pairing 
several times, eq. 17.51 and 5e — Q which we may assume since we only need our 
claim for cocycles) 



(<5i)012 ^ 12 _ 


K 


y'i a02 

Jx 




; 01 
■'y 




K 


fl) 




K 




(res-^ 'e, -res^^ ' Cy 











■ 


■ el% = {Sf V e)^^. 



In particular, 5/ V e is a coboundary. For eW Sf one proceeds similarly. 

(2) Next, we prove the commutativity of eq. 17.41 Suppose {gai3)ai3,(hai3)a[3 G 

C^(il, A^*) are Cech 1-cocycle representatives of arbitrary elements g,h & H^{X, M^) 
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and a sufficiently fine open cover il. According to the description of tire cup product 
in eq. 17.21 the image in H^{!d,Ai*) in the upper row is represented by the Cech 
2-cocycle 

{g - h)^f,^ = ^' res[;°;;^ • ^' res[;;^;^ hp^ G G\il,M*). 

where ^* res^"*^ denotes the restriction map of the sheaf A^* and is not to be 
confused with the restrictions of the cycle module M*. We fix a disjoint decompo- 
sition X = U^g J as in Lemma [171 According to Prop. |9] idcle representatives 
for the image under t : H^{ii,M.^) — > _ff^(r(X, I,)), g' :— rg, h' :— rh, are given 
by Cech 0-cocycles in 

lOl Ky /Q2 K-r '12 ^^.v'i 

9y ■■= - les^l gp^Py g^ - - res^^ gp^p^ g^ y, - res^^ gp^p^ , 

using the same notation as in the statement of Prop. [HI analogously for h'. Using 
these representatives and writing '•' for the pairing of the cycle modules, the image 
in the lower row under V (see eq. 17. 3p is 

ig' V h%,y, = (resj;-- ) ■ h/^^, £ H'{X,I,) 

= (res^f^'"' gp,^Py) ■ (res^""" hp^pj = res^""" {gp,^py ■ hp^pj 
by Rla, P2a. According to Prop. [5] the image in A'^{X,AI^) can be represented 

by 

(7-6) = dx'dy'^{T:^&KT'^{gp^py ■ hp^pj). 

For every closed point x G X'^'^^ the set {yj^, . . . , y^} gives the fibers of a height 1 
prime y of Ox under Spec — > SpecO^- For the upper row in eq. 17.41 we use 
Prop, [inland obtain 

P'x = ^dyd'^{g — h)p^p^p^ 
y 

= y dld^J"^' lesl'-'- gpp • ^* res^'^"^^ hp p ). 
y 

For an open U the group A^,(?7) is a subgroup of M*(k (77)), so we may consider 
5/9,,/3j, J ^(3y/3x elements of M*(k(?7)), 77 being the unique generic point of X, and 
with this interpretation we can discard the restrictions a la ^* res^'^'''^" in the 
above. Comparing this equality with the one in eq. 17. 6[ our claim follows from 
using the commutativity of the diagram 

t n 

t t II 

0y Ox 
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where the upward arrows are the fiat pullbacks induced from Spec Ox Spec Ox 
as weil as Spec Ox^y'. — > Spec Ox (these morphisms arc flat of constant reiative 
dimension by Lemma [5]), and the single downward arrow is the canonical splitting 
of the upward morphism. This finishes the proof. □ 

The previous result immediately yields a formula for intersection multiplicities 
on surfaces. We use that the product of the Chow ring of a smooth proper surface 
over a field k coincides with the cup product pairing of the corresponding sheaf 
cohomology groups HP{X,ICp^): 

CW{X) ®z CH«(X) ^ CW+^X) 
(7.7) II I 

HP{X,JC^') ®z H''iX,IC^) i7P+9(X,/C*;,). 

For algebraic if -theory sheaves /C„ this was proven by Grayson, following Bloch 
and Quillen, see |131 Thm. 1.2] (the general version for cycle modules is by Rost 
and in 26j); depending on conventions there is a sign twist (—1)'"', see [13|. 

Proposition 12 (Intersection Multiplicity Formula, |24j Cor. to Prop. 2). Let 

X be an integral surface which is smooth proper over a field k. Let Z\^Zi he two 
irreducible divisors. For each Zi, i = 1, 2, let 

I any uniformizer of Oy for y — yz^ 

^ I any unit in Oy for y ^ yz^ ; and 



fo\ (*) — / principal ideal gen. of yzt in Ox for x G {yzj 

) 9^ • — res^ 



any unit in O^ for x ^ {yZi}- 

Then the intersection multiplicity is given by 

(7.8) Z,-Z, = ■■ • d-dy'A^^47' ^y'^^'^'^T'' 9^'^^' 

where the sum runs over all closed points x £ X^'^^ and y[ over all non-transcendental 
primes of Ox; y is the image of y[ under SpecO^; — > SpecO^. The sum has only 
finitely many non-zero terms. 

Remark 6. It is noteworthy that luhile the symbol {x, y} is anti- commutative in its 
slots, the intersection pairing Z\ ■ Z2 (and generally the product in the Chow ring) 
is symmetric. 

Proof. The Z-valued intersection pairing Zi ■ Z2 is defined as the composition 

CH^ {X) (g) CH^ {X) CH^ {X) ^ CHo (Spec k) ^ Z, 

where j : X Spec k is the structure morphism. Using the commutativity of eq. 
17.71 and combining it with Prop. 1111 we may equivalently evaluate 

H\T{X,I,))^H'{T{X,I,)) H^iT{X,I,)). 

Firstly, we use Prop. [7]for the (Milnor) iiT-cycle module Af, = K^^ , so in degree 1 we 
get an explicit description of the map CH^ {X) =dcf. A^{X,Kf-^) (r(X,I.)), 
specifically for Zi we get a := {Uy^ , a^^ , al^y,) G Ii: 

01 -c 02 12 ^^,v'j ^^,v'j J, 

"y ^ 9x, a^^y,^Tes~ '^^-res- ' fy. 



2-DIMENSIONAL IDELES 



35 



Note that the exphcit construction of gx is particularly simple in this case since 
(F) ^ 0, compare with eq. [El Analogously for for Z2, /3 := /3f , /S^^^O- 
Thenweget {a\//3)x.y'. £ H'^{T{X,lt)) and using Prop, mthis maps to CH^ {X) 



-dcf. 



and unwinding the proper push-forward yields 

n{x) ^y' r ' 



Z^-Z2 = y ,cor^(") 9^-9,- {res- 

^-^x,y', Wi >- / 



and last bracket unwinds as {res-'''"' /y, (res-^'"' g^;) • (res-"" "* fy) We can 

J\ y ^ X y 

discard the term of the shape {fy, fy^} since it is 2-torsion and thus when sent to 
Z must go to zero necessarily. For Kq^ the corestriction is just multiplication with 
the extension degree, giving eq. 17.81 □ 

Remark 7. A straight-forward variation of the above proof yields the formula eq. 
\U.Si by replacing the cup product of the idele resolution by the cup product of the 
C'ech resolution. 

8. Example with negative self-intersection 

Finally, we wish to give an example of an explicit computation of a negative 
self-intersection number using the methods of this text. No moving will be used. To 
keep the example sufficiently simple, we consider Hirzebruch surfaces Fn (n G Z). 
They can be described either as the toric surface of the fan (see §1-3 for toric 
generalities) 

ney) 
Re,, 



(To — Re^; + Rgj, (Ti — 
a-i = R(— + nCy) — Rbj, 





















a, 

\ 


— > 

0., 














(depicted left for n = 2) or as the projectivization of the vector bundle ir : E —>■ P[. 
given through Opi (n) ® Opi on P^. For n = one has Fo ~ P^ x P^. Explicitly, 
the smooth proper surface F„ is patched from afHne opens 

Uo = Speck[X,Y] C/i = Spec /c[X-\ 

U2 = Speck[X-\X-''Y-'^] Us = Spec k[X,Y-^] 

(all isomorphic to A^) along the intersections 



Uoi = Specfc[A:"\A:,y] 



Uv 



Spec fc[X-"y-\ X"^] 



C/23 = Speck[X-\X,Y-^] Uqs = Spec k[X,Y,Y-^] 

(all isomorphic to A^ x G„i_fe). All other intersections of two opens, e.g. U02 
or Uis, are 2-tori, Speck[X, X^^,Y,Y^^] ~ G^j,. The same holds for all triple 
intersections like C/012, C^oiSj etc. These opens Ui correspond to the toric afhne 
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opens coming from cones di. In particular, il := (C/i)i=o,i,2,3 is an open cover we 
may use for the Cech cohomology. Define V :— Fn \ Uq as the reduced closed 
complement of Uq. Using the same cover as for Fn, this locally comes down to 

Vo = Uo\Uo = 0, Vi = Ui\Uo^ Spec A;[X"y], Vs^U^XUo^ Spec k[X], 

V2 = U2\ Dx-^x-^Y-r) = Spec fc[X-i, • 

in particular Vi ~ A^, V3 ~ A^, V2 is reducible and its irreducible components 
are both isomorphic to A^. The closures (in the whole surface F„) Vi and V3 are 
both isomorphic to (with V12 — Gm.k and V23 — Gm,k the overlaps of the two 
copies of Aj.), they intersect in a single closed point in V2. Moreover, Viz = 0- For 
the construction of the contracting homotopy in Lemma [17] we now may use the 
disjoint decomposition of F„ (as a set!) 

Eo:=C/o, Si:=^nC/i, E2 (F \ C/i) n C/2, E3 := (F \ (C/i U C/2)). 

Graphically, the decomposition of the complement V is depicted on the right in 
the above figure. The two circles represent Vi and V3 (~ Pj;.)- Summarized, Fn 
decomposes as follows: 

• (height 2) the unique generic point rj lies in Eg; 

• (height 1) the generic points of all integral curves of are in Sq. eJ"^^ 
contains only the height 1 generic point of Vi, £2^'' contains only the height 
1 generic point of Vis, E3 does not contain any height 1 points; 

• (height 0) the closed points of Uq all lie in Sq- The closed points in Ei 
are the closed points of Vi ~ A^ (the single additional closed point of its 
closure Vi lies in E2 - it's the same point as the intersection H VJj), the 
closed points in E2 are the closed points of V3 ~ A^ (the single additional 
closed point of its closure V3 lies in E3). E3 consists only of this closed 
point. 

In particular, the set-theoretic intersection closed point of Vi and V3 lies in E2. 
Now we wish to study the divisor D associated to the cone spanned by Cy, i.e. 

ctq n CTi. 

Claim: We have self-intersection D ■ D = —n. 

The divisor D is an effective Cartier divisor in H'^{Fn,IC^ /O^), which we may 
represent in our Cech cover through 

Co=Y Ci = C2 = 1 C3 = 1 

in (il, /C ^ /O ^ ) . Our cover is fine enough to admit the morphism (il, AC ^ /O ^ ) 
H^{ii,0^), giving the associated line bundle 

coi = ^" 2o2 = 5o3 = 

5i2 = x-"r-i 5i3 = 523 = 1. 

Thanks to Prop. [TUl and the diagram of eq. 17.71 the self-intersection number D ■ D 
comes down to the computation of various tame symbols: 

D-D = j,h with/i,=j; ^ 5^9;'(5-^5K^„^, e [] z 

xejyi xGXm 

(8.1) 

x:,y 
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(j : X ~^ Spec k is the structure morphism; compare with eq. I7.8( the meaning 
of /3ri,/3y,j3x is as in Prop. [101 see also eq. 10. 2p . As the formula eq. 16.21 really 
mostly depends on the values of /3n,(3y,l3x for various y,x, it is convenient to do a 
case-distinction depending on these values. Since = always, we are left with 
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{Y-\,X''Y} 




2 













3 










0, 



where * indicates an element of the shape {a,a~^}. Whereas these elements are 
usually non-zero, we have {a,a~^} = {a, —1}, so they are 2-torsion. Thus, when 
being mapped to an intersection number, i.e. to Z, they necessarily vanish, so we 
may disregard them already here. The value /Sy — 3 is impossible since S3 does not 
contain generic points of curves. The value /Sy = 2 is only possible if y = Vis, but the 
only non-trivial entry is at /3a; = 1, however by the nature of our decomposition no 
closed points on the curve V3 lie in Ei. Thus, only for j3y = 1 non-trivial symbols 
occur. Note that f3y — 1 implies y = Vi and all the closed points of Vi lie in 
Si and S2, so the case /3a; = 3 is also impossible. For /3a; = 2 the closed point 
must be W_nV^, given by a; = (X-\X-"r-i) in U2 = Spec fc[X-i, 
and y \u.2— ^1 \u-2= {^^^)- Hence, the whole sum of eq. 18.11 reduces to the single 
expression 

DD = jAdy{x'\x-''Y-^} = j;a,ay(-n{x-i,x-"y-i}) 

= -7ij;a,{X-"y-i} = -n],[x, Iz] = -n e z 
since a; is a closed point of degree 1 on Fn. 

9. Perspectives 

Apart from cycle modules various other 'coefficient systems' for adeles/ideles 
can be considered, e.g. the aforementioned case of quasi-coherent sheaves or Gorchin- 
skiy's homology sheaves |12| . Apart from encoding the respective cohomology 
groups, these constructions sometimes also allow very interesting approaches to 
prove various results, e.g. the residue theorem on curves as pioneered by Tate |29j 
or Weil's Reciprocity Law for tame symbols on curves, see [2]. A related approach 
can for example be found in [1]. 

9.1. The Anticipated Picture for Schemes over Z. The strongest driving 
force behind the concept of adeles/ideles is however the hope to use these mech- 
anisms in an arithmetic context, i.e. for schemes over Spec Z. We do not really 
touch this matter in the present text, but certainly this text concerns the first step 
in the following general philosophy: 

• Formulate invariants of objects in a geometric context (over a field, or in 
positive characteristic where no archimedean places are to be expected) 
using the language of ideles. 

• Then transfer such an idele picture to an arithmetic situation, e.g. a 
number field or an arithmetic surface X Spec Z and exploit that the 
language of ideles seems to be predestined for implementing archimedean 
contribution. 
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At least for number fields Chevalley's ideles (including infinite places) provide 
a remarkably powerful tool. It is reasonable to expect that a similar approach 
for arithmetic surfaces can also be carried out. The key point is that it seems to 
be difficult to implement a theory of archimedean places using Zariski sheaves on 
schemes since the archimedean points are not represented by points of the space 
underlying a scheme. One hopes that direct manipulations with idele complexes 
can provide a more natural setup for archimedean investigations. We quickly want 
to outline a sketch of the expected picture for an integral proper flat surface j : 
X — > SpecZ. The set of codimcnsion 1 points y decomposes disjointly into vertical 
and horizontal curves, according to whether the image j{y) is of codimcnsion 1 
or 0. Then the horizontal curves i : {y} ^ X are orders in number fields in a 
canonical way by considering the composition j o i : [y} SpecZ. Hence, there 
is a natural notion of an infinite place for horizontal curves which should play the 
role of additional closed points. 

9.2. Relations to L- Functions. One of the most intriguing questions (raised 
by Parshin, |22j ) is whether it is possible to extend the Tate-Iwasawa method to 
2-dimensional adeles & ideles in order to treat zeta and L-functions of arithmetic 
surfaces on a similar footing as in the case of number fields. See the work of Fesenko 
[lOj . [llj for this matter. Various problems need to be (and have been) overcome: 

(A) The involved local objects, e.g. , need to be equipped with a topology. For 
this is straight-forward, but for groups like K2{Kx) or K2{Kx,y) the matter 

is considerably more complicated. However, answers to these problems are known 
and we survey this in H2.3I For a general cycle module and a topological field F 
the question of equipping the groups M„ (F) with a suitable topology is completely 
open. 

(B) In order to have harmonic analysis available, these groups would classically 
have to be locally compact to carry a Haar measure. This is fine for classical 
1-dimensional ideles (by the assumption of finite residue fields), but for surfaces 
the corresponding groups are not locally compact; no Haar measure exists. We 
again refer to A. Weil's [311 p. VI (Foreword), 2nd paragraph] for a discussion 
strongly suggesting that this is rather a defect of an insufficiently general harmonic 
analysis than an actual organic obstacle. For the construction of 2-dimensional zeta 
integrals a generalized harmonic analysis needs to be used. See [11 for details on 
this approach using i^*-ideles (the groups iiT* reappear in tj2.3l in this text). See also 
[18 ] for 2-dimensional Haar integration, or |14| for more on this circle of problems. 
Many open questions remain though. 

(C) Following this line of thought, one is led to the observation that instead of 
the (so called rank 1) ring of integers Ox,y C K^^y in the 2-dimensional local fields 
Kx^y is probably not the correct object to consider for harmonic analysis purposes. 
Rather, the (so called rank 2) ring of integers Ox.y turns out to be the relevant 
object. This ring arises as the (KruU) discrete valuation ring on the right-hand side 
in 



where V2 is a lexicographically ordered rank 2 discrete valuation coming from both 
the curve y and the point x. In the present text we have not touched this perspec- 
tive. See |11] for more information. 




Ox,y ^ Kly ^ Z © Z 



value group Z' 
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